
Current fluctuations in mesoscopic systems with Andreev scattering

M.
�

P. AnantramandS. Datta
Purdue University, School of Electrical Engineering, West Lafayette, Indiana 47907-1285�

Received5 July 1995;revisedmanuscriptreceived9 February1996�
Using
�

a scatteringtheoryapproachwe studythezero-frequencycurrentfluctuationsof thenormalterminals
of� a phase-coherentmesoscopicstructurewith a superconductingregion.We find that for deviceswherethe
potential� of the superconductingregionis externallyfixed � Fig. 1� ,� the expressionfor currentfluctuationsis a
simple	 generalizationof thecorrespondingexpressionobtainedin Buttiker 
 PhysRev.B 46,� 12 485 � 1992�� for
purely� normalmesoscopicsystems.In contrastto purely normalmesoscopicsystems,we find that the current
fluctuations
�

betweentwo differentcontactscanbepositivein thesedevices.We apply this formula to derivea
simple	 expressionfor theshotnoisein a normalsuperconducting� NS

���
junction
�

andstudythenoiseto current
ratio both as a function of the appliedbias and a potentialbarrier at the NS interface.For deviceswith a
floating
�

superconductor� Fig. 2� , a self-consistentcalculationof the currentfluctuationsis necessary,andhere
we� deriveanapproximateformulavalid in thesmallbiaslimit. Weshowthattwo similardeviceswith identical
average� currentscanexhibit very different fluctuationsdependingon whetherthe superconductoris held at a
fixed potentialor is left floating. � S0163-1829� 96� 00123-3

� �

I. INTRODUCTION

Recently, there have been many experimental2–5 and�
theoretical
� 6–1

 
4 studies! of mesoscopicdeviceswith supercon-

ducting
"

regions. Theseexperimentstypically measurethe
conductance# as a function of the phasevariation of the su-
perconducting$ region. Some of the interestingeffects ob-
served! areperiodicoscillationsof theconductanceasa func-
tion
�

of the phasedifference betweenthe superconducting
regions% in an Andreev interferometer,3

&
and� enhancedcon-

ductance
"

oscillationsin an Aharanov-Bohmring with super-
conducting# regions.2

'
Some
(

recentpredictionsin thesestruc-
tures
�

include Anderson localization in a normal-
superconducting-normal! ) NSN

* +
junction
,

dueto a variationin
the
�

phaseof the orderparameter,6
 

and� the doublingof shot
noisein a weakly transmittingNS junction.12

The
-

scatteringtheoryof transport. often/ referredto asthe
Landauer-Buttiker
0

formalism1 has
2

been very successfulin
explaining3 normal mesoscopicphenomena.15,16 It shouldbe
notedthat, unlike the tunnelingHamiltonianformalism, the
Landauer-Buttiker
0

formalism does not assumeweak cou-
pling$ andcanbe appliedevento ballistic conductors.It has
recentlybeenappliedto mesoscopicsuperconductorsby sev-
eral3 authors.6

 
–8,12,13,17Reference1 showsthat the scattering

theory
�

of transportcanbeusedto calculatenot only average
current# but alsothe currentfluctuations.The purposeof this
paper$ is to showwith examples,how theresultsof Ref.1 can
be
4

extendedin a straightforwardmannerto apply to super-
conducting# structures.Although Refs. 12 and 13 have ap-
plied$ the scatteringtheoryof transportto calculatethe noise
in NS junctions,we arenot awareof a generalformulationof
the
�

type presentedhere.The expressionswe derive can be
used5 to calculatethe currentfluctuationsin arbitrary multi-
terminal
�

structuresandconfigurations,as long as the super-
conducting# regionsare all maintainedat the sameelectro-
chemical# potential.

There
-

are two distinct experimentalconfigurations in
these
�

structures.In thefirst configurationthereis a supercon-

ducting
"

contactat an externally6 fixed potential$ 12,13 7 Fig.
8

19 .
In
:

the secondconfiguration,referred to as the floating
;

superconductor< case,# the superconductingregion is floating=
Figs. 2> .3,6

&
This meansthat the chemicalpotential of the

condensate# ?A@
S
BDC floats
E

to a value which is determinedself-
consistently# by theconditionthat thesumof thesteady-state
currents# flowing throughthe variouscontactsis zero.9

F
Here

the
�

chemicalpotential of the superconductorcan fluctuate
withG time aboutits steady-statevalue.

We
H

first considertheconfigurationsin Fig. 1, wherethere
is a superconductingcontactkept at an externallyfixed po-
tential.
�

Using scatteringtheory formalism,we derivean ex-
pression$ for the currentfluctuations.We find that the final
expression3 for currentfluctuationscould havebeenobtained
from thecorrespondingexpressionfor currentfluctuationsin
the
�

purelynormalcaseby I i J associating� anadditionalindex
representing% electron(e6 )

K
and hole (h

L
)
K

channelswith every
contact# ( j

M
)
K

index, i.e., j
MON

(
P
je
M

)
K

and ( jh
M

)
K
; and Q iiRTS correctly#

accounting� for the sign of the electronandhole currents.To
the
�

bestof our knowledge,the generalexpressionU Eq. V 38
WYX[Z

for
\

current fluctuationspresentedhere has not appearedin
the
�

literaturebefore.
Next
*

we considerthe caseof a floating superconductor]
Fig. 2̂ . Here the chemicalpotentialof the condensate_A` S

Bba
is
R

determinedself-consistentlyfrom the condition that the
sum! of all currentsflowing in the contactsis zero, c iI

d
i e 0.
f 9
F

As a resultof this requirement,fluctuationsin currentcause
the
�

chemicalpotentialof thecondensateto fluctuate.This in
turn
�

affectsthecurrentfluctuations.We deriveanexpression
for
\

the current fluctuationsin the floating superconductor
case# by properlyaccountingfor thefluctuationsin thechemi-
cal# potentialof thecondensate.Our discussionin this caseis
validg only at small biasesbecauseit is basedon the method
of/ Langevinforces.

Finally, we considertwo applicationsof the expressions
for current fluctuations.In the first example,we derive an
expression3 for shotnoisein a NS junction valid at arbitrary
applied� voltages.Using this expression,we verify thata bal-
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listic
q

NS junctionhasa nonzeroshotnoiseat voltageslarger
than
�

the superconductinggap. This result was predictedin
Ref. 18 usinga morecomplicatedKeldyshGreen’s-function
theory.
�

Another relatedstudypredictsthe doublingof noise
to
�

currentratio in thesmall voltagelimit in weaklyconduct-
ing
R

NS junctions.12 Using
r

the expressionfor shot noisede-
rived here,we extendthis studyto finite biasesandarbitrary

reflectioncoefficientsdueto a s -function potentialbarrierat
the
�

NS interface.We find that a NS junction with a small
normalt reflection coefficient exhibits a peak in the noise/
current# ratio at a voltagelargerthan uwv Fig.

8
3x a�Dy[z . For junc-

tions
�

with a largereflectioncoefficient,the noise/currentra-
tio
�

has a value four times the electronic chargeat small
applied� voltages as predicted in Ref. 12, and the noise/
current# ratio decreasesto the value of two times the elec-
tronic
�

chargeat voltagesmuchlargerthanthat of the super-
conducting# gap { Fig. 3| b4~}[� . This behavior is intuitively
expected3 becauseat energiessmallerthanthe superconduct-
ing
R

gap an electronincident from the normal region is re-
flectedasa hole at the NS interface,resultingin the flow a
Cooper
�

pair with charge2e6 in the superconductor.At ener-
gies� much larger than the superconductinggap,an electron
incident
R

from thenormalregionis transmittedasanelectron-
like quasiparticlein the superconductor.Reference13 re-
cently# calculatedthe distribution function for the shotnoise
in
R

a NS junctionusingthescatteringtheoryapproach.We do
not addressthis issuein this paper.

The secondexamplewe consideris illustratedin Fig. 4.
The
-

purposeof this exampleis to illustratethedifferencesin
the
�

currentfluctuationsbetweenthecaseof a superconductor
kept at a fixed externalpotentialand the caseof a floating
superconductor.! The devicesin Fig. 4 consistof a normal
ballistic
4

region connectedto two normal contacts � N� 1 and
N
�

2
���

,� andhastwo superconductingboundariesmaintainedat
phases$ �

1 and� �
2
' . The device in Fig. 4� a����� device

"
A � is

connected# to a single superconductorwhosepotentialfloats
to
�

a valuewhich is determinedby thecurrentsflowing in the
normalt terminals.Thedevicein Fig. 4 � b4~��� device

"
B
���

is
R

simi-
lar to deviceA,� exceptthat thesuperconductoris maintained
at� anexternallyfixed potential.This potentialis chosento be
equal3 to the potentialthe superconductorfloats to in device
A
�

. Both the averagecurrentandcurrentfluctuationsarecal-
culated# at the normal terminalsas a function of the phase
difference
" ���

1 ��� 2
'�� . We find that, while the averagecurrent

is
R

the samein the two devices,the currentfluctuationsare
veryg different   Fig.

8
5¡ .

Approximations

The
-

basicapproximationwe makeis to neglectthe cur-
rent% fluctuations in the pair potential ¢¤£ r¥�¦ . In the
Bogoliubov–de Gennesequations§ Eq. ¨ 6©~ª[« ,� theorderparam-
eter3 ¬¤ r® is calculatedself-consistently.As a resultthereare
fluctuations
E

in ¯±° r¥D² due
"

both to the stochasticnatureof the
occupancy/ factorsfor electronsand holes ³ the

�
factors f

´
nµ in
R

Eq. ¶ 8·~¸[¹ ,� andto the stochasticnatureof the transmissionco-
efficients.3 Thesefluctuationsin º¤» r¼ are� neglectedin this
paper.$ It is not clear to us if thesefluctuationscan be in-
cluded# in the context of a scatteringtheory approach.Ne-
glecting� fluctuationsin ½±¾ r¿ is similar to neglectingtheeffect
of/ fluctuationsin the effectivepotentialseenby an electron
due
"

to all other electronsin purely normal mesoscopicsys-
tems.
�

Most of the calculationsof current fluctuations in
purely$ normalmesoscopicsystemsin theliteraturearein this
limit.
q

At
À

low temperatureswe expectthefluctuationsin Á±Â r¥DÃ to
�

be
4

insignificantfor thestructuresin Figs.1Ä a��Å and� 2Æ b4~Ç . This
is becausethe current density flowing in the contact is so
small! that it plays an insignificant role in determiningthe

FIG.
È

1. A multiterminalmesoscopicdevicewith onesupercon-
ductingcontact.Two of the normalcontactsandthe superconduct-
ing contactare at an externally fixed potential.The third normal
contactis not keptat anexternallyfixed potential,i.e., it is floating.
The exactpositionof the NS interfacecanbe asin É aÊ , whereonly
the contactis superconducting,or Ë bÌ ,� wherethe superconducting
regionextendscontinuouslyfrom the contactinto the device.
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self-consistent! valueof Í±Î rÏ . Thusfluctuationsin thecurrent
willG not contributesignificantly to fluctuationsin Ð±Ñ rÒ . On
the
�

other hand, the superconductingregionsinside the de-
vicesg in Figs.1Ó b4~Ô , 2�wÕ b4~Ö ,� and2× c#�Ø are� smallerandcanhavean
appreciable� current density flowing in them. Thus self-
consistency# in Ù¤Ú r¥DÛ is

R
very importantbecausefluctuationsin

the
�

currentcould leadto significantfluctuationsin Ü¤Ý r¥DÞ .

Outline
ß

The
-

remainderof the paperis arrangedas follows. We
begin
4

Sec.II with a brief descriptionof the Bogoliubov–de
Gennes
à

equations,andthepictureadoptedin this paperá Sec.
(

II
:

A â . In Sec.II C, we deriveanexpressionã Eq.
ä å

38
WYæ[ç

for
\

the
current# fluctuationsin the caseof a superconductorat an
externally3 fixed potential.In Sec.II D, we discussthesignof
the
�

current fluctuations.We discussthe floating supercon-
ductor
"

casein Sec.III. In Sec.IV, we discusstwo examples:è
i
RAé

a� NS junctionand ê iiRTë the
�

devicein Fig. 4. We presentour
conclusions# in Sec.V.

II. CURRENT FLUCTUATIONS: SUPERCONDUCTOR
AT A FIXED EXTERNAL POTENTIAL

A. Bogoliubov–de Gennes equations

Consider
�

a mesoscopicdeviceconnectedto onesupercon-
ducting
"

contactandan arbitrarynumberof normal contacts
as� shown in Fig. 1. Here an up-spin electron incident in
contact# j

M
can# eitherbetransmittedasanup-spinelectronor a

down-spin
"

hole to other contacts.The equationwhich de-

scribes! the motion of quasiparticlesunder nonequilibrium
conditions# when all interactionsinvolving spins are negli-
gible� is19

ì
H
íïî

xðòñôó U õ xð÷öùøïú S
B�ûýüÿþ xð�����

xð�� * �	� H 
 xð�� * � U  xð������ S
B�� u� nµ�� xð���

nµ�� xð��
� ih
� �!

t" u� nµ�# xð�$%
nµ�& xð�' ,� ( 1)

whereG

H
í+*

xð�,�- 1

2m. / i
�1032�4

e6 A
576

xð�8
c9

2
';:

Vs<>= xð�? ,� @ 2��A
B�C

xð�D�E	F V G xð�H�I
nµKJ nµ* L xð�M u� nµ�N xð�OQP 1 R 2 f

´
nµTS ,� U 3W�V

U W xð�X�Y	Z V [ xð�\�]
nµ_^ u� nµ�` xð�acb 2f

´
nµ�dfehg nµ�i xð�jQk 2 l 1 m f

´
nµon . p 4q�r

Here xðts�u r,� t"wv ,� Vs< (P xð )
K

is the scalarpotential x the
�

potentialat
equilibrium3 plus the potential resulting from the applied
bias
4 y

,� V(
P
xð )
K

is the local attractiveelectron-electroninterac-
tion,
�

A(
P
xð )
K

is the vector potential, and z S
B is the chemical

potential$ of the superconductingregion. f
´

nµ is the occupation
factor
\

for staten{ . We consideronly deviceswhereall super-
conducting# regions have the samechemical potential | S

B .
The self-consistentpotentials} (P xð )

K
and U(

P
xð )
K

are then time
independent.We alsoassumethat Vs< (P xð )

K
andA(

P
xð )
K

are time
independent.
R

Equation ~ 1� can# thenbe written as

FIG. 2. A multiterminalmeso-
scopic	 devicewherethesupercon-
ducting
�

region is not externally
kept
�

at a constantpotential; i.e.,
the
�

superconductoris floating.All
normal contactsare at an exter-
nally� fixed potential. The struc-
tures
�

can be as in � a� , where the
superconducting	 region is a con-
tact,
� �

b� , wherethe superconduct-
ing
�

regionis partof thedevice,or�
c��� , which is a combinationof � a�

and� � b� .�
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�
H
í+�

r¥c��� U � r¥c����� S
Bo����� r¥T� ¢¡

r¥c£ * ¤	¥ Hí+¦ r¥c§ * ¨ U © r¥Tª�«�¬ S
Bo u� nµ�® x¯;°±

nµ�² x¯;³ ´ ih
� µ¶

t" u� nµ�· x¯¹¸º
nµ�» x¯;¼½

5
¾�¿

in the superconductingregions.In the normal regions,the
same! equationholdswith the self-consistentpotentialsU À r¥�Á
and� ÂÄÃ r¥oÅ set! equalto zero Æ since! V(

P
xð )
K�Ç

0
f�È

. Equation É 5¾�Ê can#
now be written in a time-independentform by assuminga
solution! of the form u� nµ (P xð )

K�Ë
e6ÍÌ iEtu� nµ;Î rÏ and� Ð

nµ (P xð )
KÑ e6ÓÒ iEt Ô

nµ;Õ r¥�Ö :×
H Ø rÙ�Ú U Û rÜ�Ý�Þ S

B�ß�à¢á râã�ä
rå * æfç H è ré * ê U ë rì�í�î S

Boï u� nµ�ð rñò
nµ�ó rô õ E

u� nµ�ö r÷ø
nµ�ù rú ,� û

6
©�ü

whereG

H ý rþ�ÿ 1

2m. � i
� �����

e6 A
5��

r¥	�
c9

2 

Vs<�� r ,� � 7���

���
r¥	����� V � r¥	���

nµ�� nµ* � r¥	 u� nµ�! r¥	"$# 1 % 2
�

f
´

nµ'& ,� ( 8·�)

U * r+�,�- V . r/�0
nµ21 u� nµ43 r5	6 2' f

´
nµ4798;: nµ�< r=$> 2'4? 1 @ f

´
nµBA . C 9D�E

Here
F

Vs<HG r¥HI is
R

thescalarpotential J the
�

potentialat equilibrium
plus$ the potentialresultingfrom the appliedbiasK ,� andA L rM
is thevectorpotential.Note thatwhile solvingEq. N 6©�O ,�QP S

B is
a� position-independentconstantthroughoutthedevice.Equa-
tion
� R

6
©�S

explicitly3 involve diagonalsub-Hamiltoniansfor an
up-spin5 electronbandand a down-spinhole band.The off-
diagonal
"

term TVU rW knownastheorderparameter,represents
a� couplingbetweentheup-spinelectronbandandthedown-
spin! hole band: XVY r¥HZH[ 0

\
in
R

the normalregions.

B. Scattering states and occupation factors in the contacts

In
:

the following discussionof scatteringstates,we as-
sume! theHamiltonianin thecontactsto beseparablein thexð
and� (y] ,� z^ )K directions _ the

�
Hamiltonianwill not be separable

inside
R

the device,which may havean arbitrary shapè. We
further
\

assumefor simplification that the vector potential
A a rbHc 0

\
and� that the single-particlepotential Vs<Hd re has the

following form in the contacts:

Vs<�f rg�h V i i y] ,� z^�j in contact i
�
. k 10l

Then the Hamiltonian H appearing� in Eq. m 6©�n is separable
into
R

xð and� (y] ,� z^ )K componentsin contacti
�

as� follows:

H
ípo

r¥'q�r H
íps

xðut�v H
ípw

y] ,� z^�x ,� y 11z
whereG

H { xðu|$}�~�� 2

2m.
� 2�
xð 2 � 12�

and�

H � y] ,� z��������� 2

2m.
� 2�
y] 2
'��2� 2�

z� 2
' � V i � y] ,� z��� . � 13�

Applying
À

a biasin contacti
�

wouldG changethevalueof V i by
4

an� amountequalto the appliedbias.The assumptionmade
regardingthe form of Vs<�� r� is madeonly to simplify the
calculation.# As in thepurelynormalcase,thefinal answerfor
the
�

averagecurrentandcurrentfluctuationsdoesnot depend
on/ the detailedshapeof the contacts.1

Normal
�

contacts

We
H

will now discussEq. � 6©�� in
R

a normalcontact,discuss-
ing both the scatteringstatesand the occupationfactorsfor
electrons3 andholesin thecontact.Theoff-diagonalpotential���

r¥H  is
R

zero,andso Eq. ¡ 6©�¢ simplifies! to

£9¤
H
í¦¥�§

S
B'¨ u� nµ4© Eu

ª
nµ ,� « 14¬

9® H ¯�° S
B'±�²

nµ´³ E µ nµ ,� ¶ 15·
whereG H

í
is
R

given by Eq. ¸ 11¹ . Equation º 14» represents% an
electron3 band which is shifted by a constantenergy ¼¾½ S

B .
Similarly
(

Eq. ¿ 15À representsa holebandwhich is shiftedby
a� constantenergy Á�Â S

B .
Inside
:

normal contact i
�
,� the solutions to Eqs. Ã 14Ä and�Å

15Æ at� energyE Ç ExÈ$É ExyÈ can# be written asa productof a

FIG.
È

3. A plot of the noiseto currentratio (S/
n
I
Ê
)
Ë

of a NS junc-
tion asa function of the appliedvoltage.This ratio hasa peakat a
voltage larger than Ì /

n
eÍ .� Note that a ballistic NS junction has a

nonzeronoise for eVÍÏÎÑÐ . Ò bÓHÔ Same
Õ

as Ö a�Ø× but
Ó

for larger barrier
strengths.For largebarriers,the S

Ù
/
n
I
Ê

ratio approachesa valueof 4e
at smallappliedbiases,aspredictedin Ref. 12. TheS/

n
I ratio, how-

ever, decreasesto a value 2eÍ at voltages larger than Ú /
n
eÍ .�

Z
Û�Ü

kF
Ý U/2
n�Þ

F
Ý is
�

a dimensionlessbarrier strength ß Ref. 26à , and
U á (xâ ) representsthe potentialof the barrier placedat the NS in-
terface.Plotsarefor zerotemperature.
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state! with energyE
ª

xÈ along� the xð direction
"

and a statewith
energy3 E

ª
yzã along� the (y] ,� z� )K direction.Incidentelectronsand

holesfrom normalcontacti
�

havethe following form:

e6åä ik ie
æèç Exéëê xÈ u� nµ�ì i� ,� y] ,� z��í

0
f î 16ï

and�

e6åð ik ih
æòñ Exéëó xÈ 0

f
ô

nµ�õ i� ,� y] ,� z��ö . ÷ 17ø
k
ù

ie(
P
ExÈ )K andk

ù
ih(
P
ExÈ )K arethe xð components# of the wavevec-

tors
�

in contacti
�

corresponding# to electronsandholeswith an
xð component# of energyequalto E

ª
xÈ . Thesewavevectorsare

equal3 to

k
ù

ie ú Eª xÈ�û�ü 2m.pýÿþ s<�� Ex��� V i
�

� 2

1/2

and�

k
ù

ih � Eª x�	��
 2
�

m.��� s<�� E
ª

x��� V i �� 2

1/2

. � 18�
Note
*

that energiesE
ª

x� ,� E
ª

y� ,z� ,� and E
ª

are� all measuredwith
respectto � S

B ,� which is equalto thechemicalpotentialof the
superconducting! region. The plus and minus signs in Eqs.�
16� and� � 17� correspond# to incoming and outgoingwaves.

u� nµ (P i� ,� y] ,� z� )K and � nµ (P i� ,� y] ,� z� )K are the solutionsto the (y] ,� z� )K com-
ponents$ of Eqs. � 14 and� ! 15" .

The occupancyfactors for the electron and hole states
incident from contactj

M
are� 9,17
F

f
´

ie # Eª%$�& 1 ' exp3 E
ª)(+*�,

i -/. S
B10

kT
ù 2 1

and�

f
´

ih 3 Eª%4�5 1 6 exp3 E
ª)7+8�9

i :/; S
B1<

kT
ù = 1

. > 19?

An importantfeatureof theseoccupationfactorsis that the
chemical# potentialsfor the electronand hole bandsare dif-
ferent.
\

Superconducting
@

contacts

In
:

thesuperconductingcontacts,we only discussthecase
whereG the single-particlepotentialVs<�A r¥�B is

R
a constantin the

bulk
4

of the contact,and abruptly goesto infinity at the ex-
tremities
�

of the contactsthe (y] ,� z� )K direction.Then CED rF can#
be
4

approximatedby a constantG j
H in
R

the bulk of the super-
FIG. 4. Andreevinterferometer:I aJ Thesuperconductingregion

floats to a value KML S
NPO determinedby currentconservationfor this

two-terminaldevice. Q bÓ�R The
S

superconductingregion is held exter-
nally at a chemicalpotential T S

N identical to that in U a�WV .�

FIG. 5. X aY A plot of the shot noise per unit applied voltage
(N
Z

11, N
Z

12,� N
Z

22
[ )
\

for the device in Fig. 4] b̂ as� a function of the
phasedifferencebetweenthesuperconductingboundaries.Notethat
N
Z

11_ N
Z

22̀ N
Z

12, and that N
Z

12 can be either positive or negative
unlike normalmesoscopicsystems.a bb When the superconducting
region is floating, N

Z
11c N

Z
22
[edgf N

Z
12 h solid linei , as expectedfor a

two-terminaldevice.Thedashedline is theaverageconductanceas
a function of the phasedifference betweenthe superconducting
boundariesfor the devicesin both Figs. 4 j ak and� 4l bm . Both plots
arefor zerotemperature.
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conducting# contactlabeledj
M
. An incidentparticleat energy

E from the superconductingcontact j
M

has the following
form:
\

e6on ik jx
p x� u� nµrq jM ,� y] ,� z��s

e6ut ik jx
p x�wv

nµrx jM ,� y] ,� z��y ,� z 20{
whereG k

ù
jx
| is
R

thexð component# of thewavevectorin contactj
M
,�

k
ù

j
|~}�� � 2m. (

P	�
s<�� V j

|~� E �+� � E2 ���
j
|2'�� )K	� /��� 2 . V j

| is theconstant
single-particle! potentialVs<�� r¥�� whichG representsthebottomof
the
�

bandin superconductingcontact j
M
. The plus and minus

signs! in Eq. � 20� correspond# to incoming and outgoing
waves.G

The
-

occupancyfactor for anincidentstatefrom supercon-
ducting
"

contactj
M

is9,17
F

f
´

j
|�� Eª%��� 1 � exp3 E

kT
ù � 1

. � 21
���

We
H

stressagainthatall energiesE are� measuredwith respect
to
���

S
B ,� which is the chemicalpotentialof the superconduct-

ing
R

regions.
We
H

usea pictureconsistingof both positiveandnegative
energy3 states.20,17

'
Reference17 containsa detaileddescrip-

tion
�

of this picture.All resultsin this papercan,however,be
obtained/ from theconventionalpicturewhich considersonly
the
�

positiveenergystates.
Given
à

thestatesin thevariouscontacts,thenextquestion
is
R

what is the scatteringstatein normalcontacti
�

as� a result
of/ a particle incident in any of the contacts.A particle inci-
dent
"

from contactj
M

can# eitherbe transmittedasan electron
or/ a holeto contacti

�
. Theresultantscatteringstatein contact

i
�

is
R

of the form

e6 ik ie
æ x�1�

i j  
¡ ¢

ie£ ¤
je
| s< i j

ee¥§¦ Eª%¨ e6o© ik ie
æ x�

ª «
ih¬ 
jh
| s< i j

he® Eª%¯ e6 ik ih
æ x�

and�
° ±

ie² ³
jh
| s< i j

eh¥E´ E µ e6u¶ ik ie
æ x�

e6 ik ih
æ x�~·

i j ¸
¹ º

ih» ¼
jh
| s< i j

hh
½¿¾

E À e6 ik ih
æ x� . Á 22

��Â

Here
F

k
ù

j
|wÃ and� Ä

j
|PÅÇÆ�È k

ù
j
|PÉ /� m. are� thewavevectorandvelocity,

respectively,% of ÊÌË e6 ,� hL at� energyE
ª

in
R

contact j
M
. s< is

R
the

scattering! matrix of thedeviceincludingthesuperconducting
region.s< i jÍrÎ representsthescatteringcoefficientfor a particle
of/ type Ï incident from contact j

M
whichG is transmittedto

contact# i
�

as� a particle of type Ð�Ñ�Ð ,�ÓÒÌÔ e6 ,� hLÖÕ . Note that Eq.×
22Ø hasbeenwritten down only for a singlemode;the gen-

eralization3 to manymodesis straightforward.
The
-

scatteringmatrix canbe obtainedby solving Eq. Ù 6©rÚ
in
R

the variousregionsof the deviceand then matchingthe
waveG functionsu� nµ and� Û

nµ at� suitablespatial locations Ü like
interfacesbetweentwo different regionsÝ ,� in a mannersimi-

lar to that in normal mesoscopicsystems.An iterative pro-
cedure# would be required for a self-consistentsolution of
Eqs.
ä Þ

6
©rß

.
When
H

a bias is appliedto a contact,it changesboth the
chemical# potentialandthe energyof the bandbottomV i . If
a� bias voltageVaà is appliedto contacti

�
,� the changesin á i

and� V i are�

â
i ãåä i æ eV6 aà and� V i ç V i è Vaà .

A
À

changein V i wouldG causea changein the exactform of
the
�

scatteringstatesthroughoutthe device,and would also
cause# a changein the occupancyof the scatteringstatesat a
given� energyin contacti

�
.

The
-

field operatoré ˆ (
P
i
�
,� xð )
K

in contacti
�

is
R

a linear combi-
nationt of the statesin Eq. ê 22

��ë
,�

ì ˆ í i� ,� xðïî�ð ñ ˆ eò�ó i� ,ô xõïö÷ ˆ
h
ø�ù iú ,ô xõïû ü ý

j
|�þ

N
ÿ

,S
�

; ��� eò ,h
ø 1�

2
��� dE

�	 
��
j
|�

� e� ik ie
æ x���

i j � eò����
� �

ie� �
j
|�� s� i j

eò �"! Eª$#
e�&% ik ie

æ x�

e�&' ik ih
æ x��(

i j ) h
ø+*�,

- .
ih/ 0
j
|�1 s� i j

h
ø+2"3

E
ª54

e� ik ih
æ x�

6
e�87 iEta9ˆ j

|�:"; E < . = 23>
Throughout
?

the manuscriptlatin alphabetscorrespondto the
terminals
@

andgreekalphabetscorrespondto theelectron(e� )
A

andB hole (h
C

)
A

channels.N
D

andB S
E

refer to thesetof all normal
andB superconductingcontactsrespectively.a9 j

|�F (
G
E
ª

)
A

is thean-
nihilationH operatorin contactj

I
for
J

a particleof type KML e� ,ô hC
atB energyE

ª
. k
ù

j
|�NO andB P

j
|�QR areB the wave vector and velocity,

respectively,S of particleof type TMU e� ,ô hC atB energyE
ªMV

in
W

con-
tact
@

j
I
.

The field operatorsX ˆ (
G
i
ú
,ô xõ )

A
anda9ˆ j

|�Y (
G
E)
A

obeythe commu-
tator
@

rulesfor fermions,

Z\[ ˆ ] iú ,ô xõ_^ ,ôa` ˆ b j
I
,ô xõ$c\dfehgji 0,

k l
a9ˆ i m"n E o ,ô a9ˆ j

|�p"q E r\sfthuwv 0,
kyx

24
�{z

|\} ˆ † ~ iú ,ô xõ�� ,ôa� ˆ � j
�
,ô xõ��\�f�h�w���

i j �8� xõ�� xõ$�\�
andB

�
a9ˆ i �† � E � ,ô a9ˆ j

|��"� E �\�f�h�j��� i j � �h¡"�&¢ E £ E ¤\¥ . ¦ 25§
The
?

expectationvalue of a9ˆ i ¨† (
G
E
ª

)
A
a9ˆ j
|�© (

G
E
ªMª

)
A

is nonzeroonly
when« i

ú�¬
j
�

andB it is the distributionfunction in contacti
ú
,ô


a9ˆ i ®† ¯ E°5±

a9ˆ j
|�²�³ E°M´\µ+¶�·�¸

i j ¹ ºh»¼¹8½ E¾À¿
E
¾MÁ\Â

f
Ã

i Ä"Å E¾5Æ
. Ç 26

�ÉÈ
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C. Evaluation of the current fluctuations

In
Ê

the evaluation of the current fluctuations presented
here,
Ë

we consideronly a single-modeddevice.Thegenerali-
zationto manymodesis straightforwardandwe only present
the
@

final result in AppendixA.
The
?

currentoperatorfor electronsandholesin lead i
ú

areB

Î i Ì"Í xõ ,ô tÎÐÏÒÑ sgnÓÕÔ×ÖÙØ e�¼Ú
2miÛ Tr Ü ˆ Ý† Þ iú ,ô xõ_ß d

� à ˆ á"â iú ,ô xõ�ã
dx
�

ä d
� å ˆ æ† ç iú ,ô xõ�è

dx
� é ˆ ê"ë iú ,ô xõ�ì

whereí î$ï e� ,ô hC ,ô and sgnðòñ�ó ôöõ 1 for ÷_ø e� andB ù 1 for ú_û h
C

.
Thenthe total-currentoperatorin lead i

ú
whichí is the sumof

the
@

electron, and the hole componentscan be compactly
writtení as

Î i ü xõ ,ô tÎÐýÒþ e�¼ÿ
2miÛ Tr � ˆ † � iú ,ô xõ����

z� d
��� ˆ � iú ,ô xõ
	

dx
�

� d
��� ˆ †  iú ,ô xõ
�

dx
� � z��� ˆ � iú ,ô xõ
� ,ô � 27�

whereí Tr denotestraceandthePaulispinmatrix � z� correctly�
accountsB for the sign of the electronand hole components.
Substituting
�

Eq. � 23
���

into
W

Eq. � 27
���

, wô efi nd

Î i � xõ ,ô tÎ �"! e�$#
2mÛ

%
j
&
,k
')(

N
ÿ

,S
�

; *)+ , ,.- eò ,h
ø sgnÓ0/2143 1

2 5 dE
�6 798

j
&;: dE

�=<> ?A@
j
&CBD e�FE i G E H E IKJ tL a9ˆ j

&CM† N E O a9ˆ k
'�P"Q E R�S

T U
k
ù

i VWYX
k
ù

i Z"[ \ i j ]�^)_.] ik `�a)b e�dc i sgnegfih e k
'

i
ækjml k

'
i
æonprq

x�msut vAw j
&Cxy zA{
i |

} ~A�
k
'���� �A�
i �� s� i j�)� † � E¾��

s� ik�)�"� E¾����
e� i sgn���i� � k

'
i
æo�2� k

'
i
æo����

x�

���
k
ù

i � ¢¡
k
ù

i £i¤ ¥ i j ¦�§©¨ e�Fª i sgn«�¬ik« k
'

i
æo®¯
°

k
'

i
æk±;² x�´³ µ9¶ k

'�·¸¹ º9»
i ¼½ s� ik¾©¿"À E¾�Á�Â"ÃÅÄ

ik Æ�Ç)È e� i sgnÉgÊiËoÉ k
'

i
ækÌÍ
Î

k
'

i
æoÏ;Ð x�´Ñ Ò9Ó j

&;ÔÕ ÖA×
i Ø s� i jÙ©Ú †

Û�Ü
E
¾�Ý

,ôßÞ 28
�áà

whereí sgnâ�ãåä�æèç 1 for é�ê e� andB sgnë�ìåí�îèï 1 for ð�ñ h
C

. Also,
k
ù

i ò (
G�ó

i ô )
A

and k
ù

i õö (
G�÷

i øù )
A

correspondto the wave vector ú ve-û
locity
ü ý

ofþ a particleof type ÿ in
W

contacti
ú

atB energiesE
¾

andB
E � . Equation

�
28� does

�
not accountfor displacementcurrents

due
�

to charging, and is hence valid only for the low-
frequency
J

componentsof the current,for which the the ca-
pacitive� componentcanbe neglected.

The averagecurrentis obtainedby taking the expectation
valueû of Eq. � 28� . Noting that � a9ˆ j

&	�† (
G
E)
A
a9ˆ k
'�
 (G E � )A�� f

Ã
j
&�� (G E)

A��
jk
&�������� (

G
E � E � )A , it is straightforwardto verify that

the
@

averagecurrentin lead i
ú

is

I
�

i � e�
h
C � , j

&�!
NS
ÿ

, " sgnÓ$#&%('�)	*
i j +�,�-/. T

0
i j1�243 E¾6587 f

Ã
j
&	9;: E¾=< ,ô?> 29

�A@
whereí the transmissioncoefficientsarerelatedto thescatter-
ing
W

matrix by T
0

i jB�C (G E
¾

)
A�DFE

s� i jG�H (G E
¾

)
A�I 2. LinearizingEq. J 29

�AK
andB

usingL Eq. M A2N from the Appendix,we obtain

I
�

i O?P
j
&�Q

N
ÿ gR i j SUT j

&&VXW
S
�&Y ,Z [ 30

\A]
whereí

gR i j ^ 2e� 2
_

h
C dE

�a`	b
i j c T

0
i j
eed=e E¾6f�g T

0
i j
heh E¾6i8j kml f

Ã
j
&�n E op
E
¾

eqd .q
31
\Ar

Equation s 30
\ut

wasí originally derived in Ref. 9. T i jv�w is the
transmission
@

coefficient of a particle of type x incident
W

in
contact� j

y
to
@

betransmittedto contacti
ú

asB a particleof type z .
As before { ,Z}|�~ e� ,Z hC .

The generalexpressionfor current fluctuation between
contacts� i

ú
andB j

y
is
W

S
E

i j �&��������� Î i � tÎ��	� Î j
&�� tÎ���������� Î j

&�� tÎ������	� Î i � tÎ���� ,Z � 32
\A�

whereí
�

Î i � tÎ ��¡ Î i ¢ tÎ�£�¤�¥ Î i ¦ tÎ�§�¨ . © 33
\Aª

The
?

spectralfunctionof thecurrentfluctuationswhich is the
Fourier
«

transformof Eq. ¬ 32
\u

is
W

S
E

i j ® ¯±°�²³®�¯µ´·¶ 1 ¸�¹ 1

2 º¼»�½ Î i ¾ ¿ 1 À	Á Î j
&�Â�ÃÅÄ�Æ�Ç Î j

&�È É±Ê	Ë Î i Ì Í 1 Î�Ï ,ZÐ
34
\AÑ

whereí
Ò

I
�ˆ

i Ó Ô±Õ�Ö Î i ×�Ø±Ù�Ú�Û Î i Ü Ý±Þ�ß . à 35
\Aá

In
Ê

this paperwe will calculatethe fluctuationsonly in the
zero-frequencylimit becauseof the limitation of Eq. â 28ã
mentioned above. Now, using the relationshipä

dte
� i(

å
E
æ³ç

E
æéè

)
ê
tL /ëíì/î 2

�ðïòñ=ó
(
G
E
¾õô

E
¾�ö

)
A
, in the zero-frequencylimit

Eq. ÷ 28ø simplifiesÓ to
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Î i ú�ûµü 0
ý³þ�ÿ

e� �
k
'

,l
���

N
ÿ

,S
�

, � , � , ��� eò ,h
ø sgnÓ
	��� dE

�
Ak
'��

;l
����� i��� ,� E �

�
a9ˆ k
'��† � E¾��

a9ˆ l
��� � E¾"!

,� # 36
\%$

whereí
Ak
'�&

;l
��'�( i��) ,� E *,+.- ik / il 02143,02165�7 s� ik8:9 † ; E < s� il=6> ? E @ . A 37

\CB
The differencebetweenEq. D 36

\%E
andB the correspondingex-

pression� for the current operator in normal mesoscopic
systemsÓ 1 is

W
that now everycontactindex k

ù
is
W

generalizedto
k
ùGF

. H is
W

anindexrepresentingtheelectronandholechannels.
The signum function accountsfor the sign of the electron
andB hole currents.

Given
I

the aboveinformation,the algebrainvolved in the
evaluationJ of thespectralfunctionS

E
i j KMLON is

W
alongthelinesof

Ref. 1. So we relegateit to AppendixB. The final result for
the
@

currentfluctuationspectralfunction S
E

i j PMQSR is

S
E

i j T 2e� 2
U

h
C V

k
'

,l
��W

N
X

,S
Y

, Z , [ , \ , ]_^ eò ,h
ø sgnÓa`�b�c sgnÓadfe"g

h
dE
i

Ak
'�j

;l
��k l i��m ,� E n A l

��o
;k
'�p4q j

rts
,� E u f

Ã
k
'�v,w E xzy 1 { f

Ã
l
��| } E ~_� .

�
38
\%�

Equation � 38
\%�

is a multiterminalformula for currentfluctua-
tions
@

betweennormal contactsi
�

andB j
r
,� and is valid in the

presence� of an appliedbias. It is valid when the supercon-
ducting
�

regionis a contactkeptat anexternallyfixed chemi-
cal� potential.To thebestof our knowledge,Eq. � 38

\%�
hasnot

appearedB in the literaturebefore.Note thatAppendixA con-
tains
@

the expressionfor S
E

i j in
W

the multi modedcase.
We
�

commentthat Eq. � 38
\%�

can� be viewed as a simple
generalization� of the correspondingexpressionfor current
fluctuationsin normal mesoscopicsystems.The expression
for
J

currentfluctuationsin normalmesoscopicsystemsis1

S
E

i j ����� 0
ýG�z� e� 2

U
h
C��

k
'

,l
� dE

i
Tr
?��

A
�

kl
'�� i� ,� E¾��

A
�

lk
�"� j

r
,� E¾��_�

�
f
Ã

k
'�� E¾��,�

1   f
Ã

l
�¢¡ E¾"£_¤

,� ¥ 39
\%¦

whereí
A lk
�"§ j

r
,� E ¨,©.ª j l

&¬«
kl
'" s® j l

&† s® jk
& .

Now,
¯ °

i ± by
²

associatingan additional index representing
electron³ and hole channelswith every contact index ´ i.e.,
j
r¶µ

(
·
je
r

)
¸

and( jh
r

)
¸º¹

in
»

Eq. ¼ 39
½%¾

,� and ¿ ii»ÁÀ correctlyÂ accounting
for
Ã

thesignof theelectronandholecurrentsin Eq. Ä 39
½%Å

, i� ti s
easy³ to seethat we obtainEq. Æ 38

½%Ç
.

D.
È

Sign of current noise in the presence of transport

In
Ê

a normal mesoscopicdevice, an electron incident in
contactÂ j

r
is always transmittedas an electronto any other

contactÂ i
�
. As a resultof this, thezero-frequencycurrentfluc-

tuations
É

betweentwo different contactsin a purely normal
device
Ê

is alwaysnegative,asprovenin Ref. 1. However,in
the
É

presenceof a superconductingregion, an electroninci-
dent
Ê

in contacti
�

canÂ result in either an electronor a hole
leaving
Ë

contactj
r
. So we askwhetherthecurrentfluctuations

between
²

two different contactsbe positiveasa resultof the
Andreevprocesses.To checkthe sign of the currentfluctua-

tions,
É

we can write the total current fluctuationsbetween
terminals
É

i
�

andÌ j
r

asÌ
S
Í

i j Î S
Í

i j
AA
ÏÑÐ

S
Í

i j
AB
Ï

,� Ò 40
Ó%Ô

whereí
S
Í

i j
AA Õ×Ö�Ø I

�ˆ
ie Ù I

�ˆ
je
&ÛÚ�ÜÞÝ�ß I

�ˆ
ih à I

�ˆ
jh
&×á

andÌ
S
Í

i j
AB â×ã�ä I

�ˆ
ie å I

�ˆ
jh
&×æ�ç×è�é I

�ˆ
ih ê I

�ˆ
je
&Ûë .

Using
ì

Eq. í 38
½%î

andÌ the orthogonalityrelationsin Appendix
A,
ï

we canshowthat

S
Í

ii
AA
ÏÑðòñ�óõô 2

ö
e� 2

h
÷ùøûú ü 1 ý T iiþ:þ ÿ E ��� 2f

Ã
i ��� E �	� 1 
 f

�
i �� E ���

� ��
k
'��

l
���������

i � i � � T ik!#"#$ E % T il&('*) E + f
�

k
'-,#. 1 / f

�
l
��021 E 3-4 ,�

5
416

S
Í

ii
AB
Ï87:9<;>= 2

ö
e� 2

h
÷@?BA 2T iiCDC¯ E E F f

�
i Ḡ H E I	J 1 K f

�
i L̄ M E N�O

PRQ
k
'�S s® ikT¯ UWV E X s® ikY#Z † [ E \ f

]
k
'�^W_ E `#a

l
��b s® ilc(d*e E f s® ilg¯ h † i E j

k
f
]

l
��l2m Enpo

. q 42
Ósr

Here,if tvu e� ,� then wyx h
÷

,� andif zv{ h
÷

,� then |̄ } e� . T ik~�� is the
transmission
É

coefficientof a particleof type � from
Ã

contactj
r

to
É

contacti
�

asÌ a particleof type � . The last termof Eq. � 42
Ós�

is positivebecauseit is of the form AA. The other termsof
both
²

S
Í

ii
AA
Ï

andÌ S
Í

ii
AB
Ï

areÌ clearlypositive.Thusbothat equilib-
rium� andawayfrom equilibrium,thecurrentfluctuationsin a
single� contactis alwayspositive just as in a purely normal
device.
Ê 20

Using
ì

Eq. � 38
½s�

and� the orthogonalityrelationsin Appen-
dix
�

A, we canalsoshowthatthecurrentfluctuationsbetween
two
�

different contactsi
�

and� j
r

is
�

S
�

i j
AA
���

i � j
&<�:����� 2

�
e� 2

h
���B� T i j�#��� E � f

]
j
&2��  E ¡W¢ 1 £ f

]
j
&¥¤�¦ E §�¨

©
T
0

j i
& ª�ª�« Enp¬

f
]

i �® Enp¯	°
1 ± f

²
i ³�´ Eµp¶�·

¸R¹
k
'-º s» jk

& ¼�½W¾ E ¿ s» ikÀ#Á † Â E Ã f
²

k
'-ÄWÅ E Æ#Ç

l
��È s» ilÉ�Ê*Ë E Ì s» j l

& Í�Î † Ï E Ð
Ñ

f
²

l
��Ò*Ó EµÕÔ

,� Ö 43
Ós×

S
�

i j
AB Ø

i Ù j
&<Ú:Û�Ü�Ý 2e� 2

U
h
��ÞBß T

0
i jàDà¯ á Eµpâ

f
²

j
&�ã̄ ä Eµpå	æ

1 ç f
²

j
&-è̄ é Eµpê�ë

ì
T j i
& í̄ î�ï E ð f

²
i ñ�ò E ó	ô 1 õ f

²
i ö�÷ E ø�ù

úRû
k
ü-ý s» jk

& þ̄ ÿ�� Eµ�� s» ik��� † � Eµ�� f
²

k
ü
	�� Eµ���

l
��� s» il����� Eµ�� s» j l

& �̄ � † � Eµ��
�

f
²

l
����� E � .  44!
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Thelasttermsof bothEqs. " 43# and� $ 44% are� of theform AA.
Then
&

clearlyS
�

i j
AA
�

is a negativedefinitequantityandS
�

i j
AB
�

is a
positive' definite quantity. The total current fluctuationsS

�
i j

can( eitherbe a positiveor a negativequantitydependingon
the
�

relativestrengthsof theabovetwo terms.Only the terms
in
�

S
�

i j
AA
�

are� presentin the expressionfor currentfluctuations
of) a purely normal device and, as a result, S

�
i j is

�
always

negativein a purely normaldevice.1 We
*

discussan example
in Sec.IV, whereS

�
i j can( be eitherpositiveor negativede-

pending' on the phasedifferencebetweenthe superconduct-
ing
�

boundaries.
We
*

now discussthecurrentfluctuationsat equilibrium.At
equilibrium,³ it is easyto verify that the expressionfor S

�
j i
&

reduces� to +
S
�

i j , eq-/.1032 I i 4 I j
&
5

eq-/6 2kT
798

g: i j ; g: j i
&=< ,� > 45?

whereí g: i j are� the conductancematrix elementsappearingin
Eq. @ 30

ACB
. Equation D 45E is simply a verificationof thegener-

alized� fluctuation-dissipationtheorem.21
F

At equilibrium, the
current( fluctuationsbetweencontactsi

G
and� j

H
are� relatedonly

to
�

the conductancematrix elementsbetweenthesetwo con-
tacts.
�

III.
I

CURRENT NOISE: FLOATING SUPERCONDUCTOR

In
Ê

Sec.II, we assumedthat the superconductoris kept at
an� externally fixed chemicalpotential. In this section,we
address� currentfluctuationsin deviceswherethe supercon-
ductor
�

is a floating regionin thedevice J Fig.
K

2L . In thefloat-
ing superconductorcase,the expressionfor currentin a nor-
mal contactis still given by Eqs. M 29N and� O 30

ACP
.9
Q

However,
the
�

expressionfor currentfluctuationsis very different from
Eq.
R S

38
ACT

. To illustratethatthefloatingsuperconductorcaseis
different,
�

considera two-terminalÎ NSN
¯

devicewherethetwo
normalregionswiden into contactsandthe superconducting
region� is floating.Thetwo normalcontactsaremaintainedat
the
�

same external potential. We consider the low-
temperature
�

limit wheredirect transmissionof quasiparticles
between
U

the two normalregionsis negligible.Then,at equi-
librium,
V

a straightforwardapplicationof Eq. W 38
ACX

givesY the
following
Z

expressionsfor currentfluctuations:[
\
I
�

1] I
�

1 ^ eq-/_ 4
Ó

kTg
7

11,�a`
b I
�

2
F
c I
�

2
F�d

eq-/e 4
Ó

kTg
7

22
F ,�f3g

I1h I2
F�i

eq-/j 0
ý k

46l
Equation
R m

46
ÓCn

is
�

clearly wrong becauseat equilibrium any
two-terminal
�

deviceshouldobey the Johnson-Nyquistrela-
tionship
�

o
p
I1q I1 r eq-/s1t3u I2v I2 w eq-/xzy|{3} I1~ I2 � eq-/� 4kTG

7
,���

47�
whereí G

�
is
�

the linear-responseconductanceof the device.
For
K

a NSN device,the linear responseconductancecan be
calculated( usingEq. � 30

AC�
,� andis given by

G
��� g: 11g

:
22

g: 11� g: 22
F � 48

ÓC�
The reason for this apparent violation of the Johnson-
Nyquist
¯

relationshipin Eq. � 46� is now described.In the
floating
�

superconductorcase,the chemicalpotential of the

condensate( ���
S
�
� should� bedeterminedself-consistentlyfrom

the
�

condition9
Q

that
�

the sum of the currentsflowing in the
various� contactsis zero, � iI

�
i � 0.
ý

As a resultof this require-
ment,fluctuationsin the currentcausesthe chemicalpoten-
tial
�

of the condensate��� S
�
� to

�
fluctuate,in turn affecting the

current( flowing in the contacts.Theseprocesseswere not
accounted� for in the derivationof Eq. � 38

AC�
because
U

we as-
sumed� the superconductorto be held at a fixed potential in
Sec
�

II. In theaboveexampleof theNSN device,theaverage
value� of thechemicalpotentialof thesuperconductingregion���

S
�¡  is

�
the sameasthat of the two normalcontacts.¢ S

� can,(
however,fluctuatewith time, and this fluctuation was not
taken
�

into accountin Sec.II.
We
*

will now deriveanexpressionfor thecurrentfluctua-
tions
�

in the floating superconductorcaseby accountingfor
fluctuations in the chemical potential of the condensate.
Fluctuationsin the chemicalpotentialof the condensatecan
be
U

included using the methodof Langevin forces.1,22 This
&

method£ is valid only at small biases,andconsistsof writing
the
�

currentoperatorin contacti
G

as� thesumof theexpression
obtained) for averagecurrent and a generalizedLangevin
force
Z

which causesthe fluctuationsin the chemicalpotential¤
S
�

I
�

i ¥§¦
j
& g: i j ¨ª© j

&
«�¬
S
�®�¯±° I

�
i ² 49

ÓC³
The averagevalueof ´ I i is zero,andfluctuationsin µ I i are�
givenY by Eq. ¶ 38

AC·
withí ¸

S
� set� equalto thesteady-statevalue¹

S
�̄ . Now, makinguseof the point that at zerofrequency,

º
i

I i » 0,
ý ¼

50
½C¾

the
�

chemicalpotentialof the superconductorcanbe written
as� the sumof its steady-statevalueanda fluctuationterm

¿
S
�ÁÀÃÂ

S
�̄ ÄÆÅ/Ç S

�ÁÈ
É
i, j
& g: i, j

&�Ê
j
&

Ë
k
Ì xÍ k

Ì Î
Ï

i Ð I
�

iÑ
k
Ì xÍ k

Ì ,� Ò 51
½CÓ

whereí xÍ i ÔÃÕ j
& g: i j . Noting that the averagevalueof the fluc-

tuation
Ö

in the chemical potential of the superconductor
(
× ØÚÙ

S
� )Û is equalto 0, thefluctuationin thetotal currentÜ I i is

S
Ý

i j Þ|ß3à I i á I j
&¡â

ã|äÁå I
�

i æ I
�

j
&
ç
è xÍ ix

Í
j
&®é

k
Ì

,l
�ëê3ì/í S

�¡îÚï
S
�Áð
ñ xÍ j

&óòÁô I
�

i õ/ö S
��÷3ø xÍ i ù3ú/û S

��ü I
�

j
&
ý

Substituting
�

thevalueof þ ÿ S
� from
�

Eq. � 51
½��

into
�

theprevious
equation,�
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S
Ý

i j � 1	�

k
Ì xÍ k
Ì� 2
F��

m� ,n��� xÍ m� xÍ n����� I i � I j
&���� xÍ j

& xÍ m��� � I i ! In��"
# xÍ m� xÍ i $�% In��& I j

&�'�( xÍ ix
Í

j
&*) + Im�-, In��.*/ ,� 0 52

½�1
whereí 2 3 I

�
i 4 I
�

j
&�5 are6 thecurrentfluctuationsgivenby Eq. 7 38

8:9
withí the chemicalpotentialof the superconductorset equal
to
Ö

its steady-statevalue( ;=< S
� )Û . Equation > 52

½:?
is the expres-

sion@ for current fluctuationsin the floating superconductor
case.A It expressesthe total currentfluctuationin the floating
superconductor@ casein termsof the current fluctuationsof
the
Ö

samesystem,with B S
� heldat its steady-statevalue.From

the
Ö

abovediscussionwe seethat there are similarities be-
tween
Ö

the floating superconductorcaseanda purely normal
device
C

with a floating voltage probe, which has beendis-
cussedA in Ref. 23. In fact, the expressionfor the linear-
responseD current E Eq.

R F
30
8:G

ofH this paperI derived
C

in Ref. 9 is
similar@ to the expressionfor the linear-responsecurrentin a
normal device with a floating voltage probe. The floating
superconductor,@ however,may only be a part of the device
and6 not a contactas in the caseof a floating voltageprobe.

We
*

now verify that if Eq. J 52
½:K

is usedto calculatethe
currentA fluctuations,the Johnson-Nyquistrelationshipis in-
deed
C

valid for the two-terminalNSN devicediscussedat the
beginning
L

of this section.For a two-terminaldevice,Eq. M 52
½�N

hasthe form

S
Ý

11O 1P
xÍ 1 Q xÍ 2

FSR 2 T xÍ 2
2
F�U�V

I
�

1 W I
�

1 X�Y xÍ 1
2
F�Z [

I
\

2
F�] I

\
2
F�^

_ 2xÍ 1xÍ 2̀�a I1 b I2 c�d . e 53
½:f

Also,
g

S
Ý

22hji S
Ý

12kjl S
Ý

21m S
Ý

11. Now, substitutingtheequilib-
riumD valuesof n�o I

\
i p I
\

j
&�q from

�
Eq. r 45

Ó:s
in
�

Eq. t 53
½�u

,� we verify
the
Ö

Johnson-Nyquistrelationshipvxw
I
\

1y I
\

1 z eq-={}|�~ I
\

2� I
\

2 � eq-=������� I
\

1� I
\

2 � eq-=� 4
Ó

kTG
7

,�
where� G

�
is the two-terminalconductancegiven by Eq. � 48� .

IV.
I

EXAMPLES

A. NS junction with an applied bias

Using
�

Eq. � 38
8:�

,� we find theshotnoiseof a NS junctionat
zero� temperatureto be

� �
I1 � I1 ��� 4

Ó
e� 2

h
� �

S
�
�

N
�

dE
���

T11
ee- �

E ¡£¢ 1 ¤ T11
ee-¦¥

E §�¨
©

T11
he
ª «

E ¬® 1 ¯ T11
he
ª °

E ±�²�³ 2T11
ee- ´

E µ T11
he
ª¦¶

E ·¹¸ ,�»º
54
½:¼

where� 1 refers to the normal terminal. This expressionis
valid� in the presenceof a biaslargerthanthe superconduct-
ing
�

gapalso.In thesmall biaslimit, whereT
½

11
ee-¿¾

T 11
heÀ 1, Eq.Á

54
½:Â

agrees6 with the result in Ref. 12.
Using
�

Eq. Ã 54
½:Ä

,� we now discussthe predictionin Ref. 18
that
Ö

a ballistic NS junction Å T½ 11
ee-¿Æ

T
½

11
hhÇ 0

ý�È
has
É

a nonzeroshot
noisewhenV Ê=Ë . In a ballistic NS junction,for E Ì=Í ,� every
incidentelectronin thenormalregionresultsin thereflection
ofH a hole in the normal region, and hencethe flow of a
Cooper
Î

pair in the superconductorwith unity probabilityÏ
T 11

heÐ 1 and T 11
ee-¿Ñ

0
ý�Ò

. Then, at zero temperature,it follows

trivially
Ö

from Eq. Ó 54
½:Ô

that
Ö

the shotnoiseis zeroÕ for V Ö=× .
At
g

energieslargerthan Ø ,� thephysicsis very different in the
two
Ö

limits ÙÛÚ E
Ü=Ý

few
�ßÞ

and6 E
Ü=à=á

. For energiesâÛã
E ä fewå ,� when an electronis incident from the normal

region to the superconductor,thereare two competingpro-
cessesA which contributeto currenttransport; æ i�èç the

Ö
electron

canA be reflectedasa hole in the normal region,resultingin
the
Ö

flow of a Cooperpair with charge2e� at6 theFermienergy
in the superconductor;and é ii ê the

Ö
electronis transmittedto

the
Ö

superconductingregion as an electronlikequasiparticle.
For
K

energiesëÛì E
Ü=í

few
� î

,� T
½

11
heï=ð 0,1

ý�ñ
and6 T

½
11
ee-¿ò

0.
ý

It then
follows
�

from Eq. ó 54
½:ô

that
Ö

the competitionbetweenthe two
different
C

transmissionprocessescausesa quick increasein
the
Ö

shotnoiseat voltageslargerthan õ . For energies,E ö=÷ ,�
every� incidentelectronfrom thenormalregionis transmitted
as6 anelectronlikequasiparticleto thesuperconductingregionø
i.e., T 11

he
ù¿ú

0,
ý

T 11
ee-¿û

0,
ý

andT 11
ee-¿ü

1ý . Then it follows from Eq.þ
54
½:ÿ

that
Ö

transportof electronsat theseenergiesdoesnot
contributeA to shot noise.As a result of this, the shot noise
tends
Ö

to saturateat largeappliedvoltages.
Thenoise-to-currentratio (S

Ý
/
�
I)
Û

is a quantityof interestin
noise� studies.12,24,25Using

�
Eq. � 54

½��
,� we discussthe S

Ý
/
�
I
\

ratioD
in
�

a NS junctionwith a � -functionpotentialbarrierat theNS
interface,both asa function of the appliedbiasandthe bar-
rier strength. The potential barrier is a � function with
strength@ U � (

×
xÍ ).
Û 26
F

In
�

thepreviousparagraphwe sawthat the
currentA fluctuationsaturateswith the appliedvoltagein the
caseA of a ballistic NS junction. The averagecurrent,how-
ever,� continuesto increaseas the applied voltage is in-
creased.A As a resultof this theS

Ý
/
�
I
\

ratioD is peakedat a voltage
large
	

than 
 /
�
e� . Now as the barrier strengthis increasedwe

find that for small valuesof the barrierstrength,the peakin
the
Ö

S
Ý

/
�
I ratio survives.This peakis, however,washedout for

large
	

barrierstrengths.For largevaluesof thenormalreflec-
tion
Ö

coefficient,the S
Ý

/
�
I
\

ratioD approachesthe value4e� in
�

the
small@ bias limit � Fig. 3� a6��� because

L
transportis only due to

reflectionof holesin thenormalregion � and6 hencea flow of
a6 Cooperpair with charge2e� in

�
the superconductor� . This

was� predictedin Ref. 12. We find that as the voltageis in-
creased,A to valueslarger than � /

�
e� ,� the S

Ý
/
�
I ratio approaches

the
Ö

value2e��� Fig. 3� bL���� ,� as now mostof the transportis due
to
Ö

quasiparticleswith the chargeof a singleelectron.

B. Current fluctuations in a floating superconductor

Thedevicesconsideredin this exampleareshownin Fig.
4.
Ó

The purposeof this exampleis to illustratethe difference
in
�

shotnoisebetweenthe caseof a superconductorkept at a
fixed externalpotentialand the caseof a floating supercon-
ductor.
C

The devicesin Fig. 4 consist of a normal region
connectedA to two normalterminalsN

�
1 andN

�
2
�

. Furtherthey
have
É

two superconductingboundarieswhosephases� 1 and6�
2
F canA be changed.Experimentalandtheoreticalstudiesin-

volving� the conductanceof deviceswherethe phasediffer-
ence� between two superconductingboundaries can be
changedA in a controlled fashion is being actively pursued
now.2

F
–5,14,17,27

The
&

devicein Fig. 4� a6! #" device
C

A
�%$

is
�

connectedto a single
superconductor@ whosepotential floats to a value which is
determined
C

by the currentflowing in the normal terminals.
The device in Fig. 4& bL�')( device

C
B * is similar to device A,�

except� that thesuperconductoris maintainedat anexternally
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fixed potential.Thepotentialof thesuperconductorin device
B is chosento beequalto thepotentialof thesuperconductor
in
�

deviceA
�

.
The
&

averagecurrentsin devicesA
�

device
C

B
+

are6 identical.
This is becausethe averagecurrent dependsonly on the
steady-state@ valueof thepotentialof thesuperconductor,and
is
�

not sensitiveto whetherthe superconductoris floating or
not.� The currentfluctuationis, however,sensitiveto this de-
tail.
Ö

We illustrate this point by computingthe currentfluc-
tuations
Ö

in the normal terminalsof devicesA and6 B as6 a
function
�

of the phasedifference ,.- 1 /10 22 between
L

the two
superconducting@ boundaries.

We
*

model the devicesby a single modedballistic chan-
nel, andassumethat the two NS junctionsareperfectlybal-
listic.
	

We furtherassumezerotemperatureandthesmallbias
limit. Thescatteringmatrix of thetwo couplers3 the

Ö
couplers

are6 thetwo T-shapedregionsconnectingleads1 and2 to the
normal� wire4 are6 takento be

s5 i 6
7

1 8 2 9 i: ;
i< =
i

> ?
i

1
2
@BA 1 CED 1 F 2

GIH
i J

1
2 K 1 LEM 1 N 2 O i P

Q R
i

1
2
@TS 1 UEV 1 W 2

GIX
i Y

1
2 Z 1 [E\ 1 ] 2 ^ i _

,�
`
55
½�a

where� i
Gcb

1,2 are the two couplers,and s5 i is
�

the scattering
matrix£ of coupler i

G
. The scatteringmatrix elements5 i(

×
2,1)dEe f

i representsthe strengthof the scatteringamplitudeof
an6 electronincident in lead 1 to scatterto the left side of
couplerA i

G
. s5 i g 3,1

hji
representsD a similar amplitudeto scatterto

the
Ö

right of coupler i
G
. The matrix elementss5 i k 1,1l ,� s5 i m 2,2

Gon
,�

and6 s5 i p 3,3
hjq

are6 the amplitudesfor reflectionof a wave inci-
dent
C

in contact1, incident from the left of coupler i
G

and6
incident
�

from the right of coupleri
G
,� respectively.The other

matrix£ elementsare definedsimilarly. As the NS junctions
are6 assumedto be perfectlyballistic, an electron r holes inci-
dent
C

from the normal region is always reflectedas a holet
electron� u . The reflection coefficients are given by

rv eh-xw)y ie
G i z and6 rv he{)| ie

G~} i � ,� where � is
�

the phaseof the
superconducting@ region. We obtain the scatteringmatrix of
the
Ö

devicenumericallyby cascadingthe scatteringmatrix of
the
Ö

individual elements.The valuesfor the variousparam-
eters� usedin thecalculationpresentedare � 1 � 0.40,

ý �
2 � 0.30,
ý

L1 � 1.6 � m, L12� 1.8 � m, andL2
F�� 1.6 � m.

Using
�

Eq. � 30
h��

we� find that, for deviceA,�
�

1 ��� S
���E� � g: 12� g: 22�

g: 11� g: 12� g: 21� g: 22

�.�
1 �1� 2 �   56

½�¡
and6

¢
2 £1¤ S

�¦¥E§ ¨ g: 11© g: 21
F«ª

g: 11¬ g: 12 g: 21® g: 22

¯±°
1 ²1³ 2 ´ . µ 57

½�¶
The
&

Fermi functions for electronsand holes in the normal
contactsA are

f
·

1e¸º¹E»1¼±½ 1 ¾1¿ S
�!À ,� f

·
1h
Á�ÂEÃ1Ä±Å

S
��Æ1Ç

1 È ,�
f
·

2
F

e¸ºÉEÊ1Ë±Ì 2
F�Í1Î

S
�!Ï ,� f

·
2
F

h
Á�ÐEÑ1Ò±Ó

S
��Ô1Õ

2
F�Ö ,� × 58

½�Ø

whereÙ Ú
1 and6 Û

2
F are6 givenby Eqs. Ü 56

½�Ý
and6 Þ 57

½àß
. For device

B,� the potentialof the superconductingregion is externally
chosenA to have the sameFermi functions as those given
above.6

We
*

first considerdeviceB,� wherethe superconductoris
fixed at an externalpotential. The current fluctuationsare
computedA by substitutingthe Fermi functionsand the scat-
tering
Ö

matrix for the devicein Eq. á 38
h�â

. The currentfluctua-
tion
Ö

is plottedasa functionof thephasedifference ã�ä 1 å1æ 2
F.ç

in Fig. 5è a6�é . Note that while currentfluctuationsat a single
terminal
Ö

arealwayspositive,thecurrentfluctuationsbetween
two
Ö

different terminalscaneitherbe positiveor negative,as
discussed
C

in Sec.II D.
For deviceA,� thesuperconductoris floating.Herewe use

Eq.
ê ë

53
½�ì

to
Ö

calculatethe currentfluctuations.As devicesA
�

and6 B have the samesteady-statevalue for the chemical
potentialí of the superconductor,the î�ï I i ð I j

ñóò appearing6 in
Eq.
ê ô

53
½�õ

are6 just thoseobtainedfor device B
+

. The current
fluctuation
ö

in this caseis plotted in Fig. 5÷ bLùø . Note that, as
device
C

A is a two-terminal device, the various current
fluctuations obey ú!û I1ü I1 ý!þ ÿ � I2

F�� I2
F����	��
� I1� I2

F���	���� I
�

2� I
�

1 � ,� with the currentfluctuationsin a single ter-
minal£ alwaysbeingpositiveandthe currentfluctuationsbe-
tween
Ö

the two different terminalsalwaysbeingnegative.As
discussed
C

above,the averageconductanceof both devicesis
the
Ö

same,andthis is plotted in Fig. 5� bL�� .
V.
�

CONCLUSIONS

In
�

conclusion,we have presenteda generalexpression�
Eq.
ê �

38
h�� �

for
�

currentfluctuationsin the normalterminalsof
a6 phase-coherentmesoscopicdevicewith a superconducting
regionat anexternallyfixed potential ! Fig. 1" . Equation # 38

h%$
canA be viewedasa simplegeneralizationof the correspond-
ing
�

expressionderivedby Buttiker1 for
�

a purely normalme-
soscopic@ device & i ' whereÙ every contactk

7
is generalizedto

k
7)(

,� where * representsthe electronand hole channels,and+
ii
�-,

correctlyA accountingfor thesignof theelectronandhole
currents.A We find that the current correlationbetweentwo
different
C

contactsof a devicecanbe either� positiveí or nega-
tive
Ö

asa resultof Andreevscattering.In contrast,in a purely
normal� mesoscopicdevice the current correlationbetween
two
Ö

different contactsis alwaysnegative.1 Using
.

Eq. / 38
h�0

,�
weÙ derivean expressionfor the shotnoisein a NS junction
valid� at voltageslarger than 1 /

2
e� ,� where 3 is the supercon-

ducting
C

gap energy. Using the Keldysh Green’s-function
theory,
Ö

Ref. 18 predictedthat a ballistic NS junction should
exhibit� a nonzeroshot noiseat appliedvoltageslarger than4

/
2
e� . This result is simple to understandfrom the scattering

theory
Ö

approachpresentedin this paper,and is discussedin
Sec.
5

IV. We havealsostudiedthe noise-to-currentratio asa
function of both the bias and the strengthof a 6 -function
barrier
L

at the NS interface.We find that for junctionswith a
small@ reflection coefficient, the noise-to-currentratio is
peakedí at voltageslargerthan 7 /

2
e�98 Fig.
K

3: a6; < . As thestrength
ofH the barrier is increased,this peakdisappears.Further,for
the
Ö

strongbarrierlimit, the noiseto currentratio approaches
the
Ö

valueof 4e� in
�

thesmallbiaslimit aspredictedin Ref.12.
We
*

find thatasthevoltageis increasedto valueslargerthan=
/
2
e� ,� this ratio approachesthe valueof 2e�?> Fig. 3@ bL�ACB in the

strong@ barrier limit. For deviceswith a floating supercon-

16400 53M.
D

P. ANANTRAM AND S. DATTA



ducting
C

region E Fig. 2F ,� we derivean expressionfor the cur-
rent fluctuationsin the small bias limit G Eq. H 52

½%ICJ
. That the

floating
K

superconductorcaseis distinctly different is illus-
trated
Ö

using a simple example L Fig.
K

4M . While the average
currentA is the samefor the two devicesin Fig. 4, the current
fluctuationsarevery different N Fig. 5O . A floating supercon-
ductor
C

acts in much the sameway as a floating voltage
probeí 1 in

�
normalmesoscopicdeviceseventhoughthesuper-

conductorA mayonly bea partof thedevice.We would like to
commentA that throughoutthis paper,we haveassumedthe
orderH parameterof thesuperconductorto befixed. However,
the
Ö

orderparameterfluctuates,andthis canbeseenfrom the
self-consistency@ requirementin Eq. P 8Q�R . We leave this for
future work.
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APPENDIX A

Some
U

usefulrelationsusedin this paperarethefollowing.
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Equation À 38
hÂÁ

becomes
L

the following equation when the
various� modesare included;
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Here
G

pH ,& mI ,& andnJ correspondA to the modesin contactsi
K
,& k
L
,&

and6 l
M
,& respectively.

APPENDIX
N

B

Derivation of Eq. O 38
h�P

: Using Eq. Q 36
h�R

,& it is straightfor-
wardó to verify that, S Î(

×%T
k
LVU

0)
W

I(
×�XZY�[

0)
W]\
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Using
�

Wick’s theorem,theexpectationvalueof the four op-
erators� in Eq. ¸ B1
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Using
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Eq. � B2� and6 the identity ���������! #" 1/$&%�'�(*)+% , i& ti s
straightforward@ to verify that
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Similarly,
U

it canbe verified that
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Equations� B3� and6 � B4� give�
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The
Å

two termsin Eq. Æ B6
Ç�È

are6 identicalto eachother.While
for
�

i
É!Ê

j
«
,& it is straightforwardto seethis, it is not so obvious

for i
É�Ë

j
«
. When i

É�Ì
j
«
,& it is straightforwardto see that the

contributionA from the termsbilinear in the Fermi factorsare
identical
�

to eachother.It is shownin AppendixA that terms
linear
	

in the Fermi factorsare also identical to eachother.
The zero-frequencycurrentfluctuationsis then
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